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Motivation

lncompressible NSE

u-Vu—I—%Vp—VAu:O
Vs —u()
Boussinesg (heat transfer coupled)
u-Vu+ %Vp —vAu = (T — TO)gR
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Problems

» Each Piece IS tough

* Coupling black boxes?

* Changing order of aPProximation?
& Functional versus oPtimal

* More terms: MHD? Viscoelastic?

® |nversion?







Enumerative aPProaclﬁ

)

*

)

List all the Forms/ elements you want

mplement

ﬂope you don’t need more
Ditficult to extend due to:
* Costto implement single form

o Costto make ditferent forms

communicate
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Grammatical aPProacl’)

* Spechcg abstraction for Forms/ elements
o Generate efficient code
* _Beneﬁt&

2 E‘Fﬁciencg) Reliability, lntegrabilitg,
E‘xtensibilitg




What do we have?

o Parallel solver libraries (e.g. il C

Trilinos)

* E:mergingtechnologies:
‘& Sundance, FFC, PETSc
* FIAT

* Math




E‘xample: bR

» FEMC S Eorm Compilcr (Anders Logg)
» Varfational form --=> DOLFIN code

* Generate a maPPing from mesh to matrix.
o PETSc linear algebra

* See also Suncﬂance/Trilinos
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FFC Code

scalar = Finiteﬁlement("Lagrange", "triangle", D)

vector = I:initefilement("Lagrange") "triangle", o)

v = BasisFunction (scalar) # test function

ul = BasisFunction(scalar) # value at next time step

uO = Function(scalar)  # value at Previous time step

w = Function(vector) # convection

f = Function(scalar)  # source term

k = Constant() # time step

c = Constant() # diffusion

a = veulrdx + 0.5%k* (v*w[il*ul.dx (D *dx + c*v.dx @) *ut.dx () *dx)
L = v*uO*dx - 0.5*k* (v*w[i1*u0.dx (D *dx + c*v.dx () *u0.dx () *dx) + v*f*dx
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What else do we need?

) Generating FE basis functions:

34 H]J H(div), H(curD, high order
L) Assemb|9
o Parallel (comes from mesh and algebra)

* OPtimizing element matrices
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General Finite Elements

. Unclerappreciatecl Problem!!

& General order: limits Familg

+* Genera spaces: limits order

I

o Need a “reloresentation thcorg’

o Thisis called.. “linear algebra”




A constriichive aPProaéh
to nodal bases (FIAT)

* W
~W

hat is a finite element?

hat is a nodal basis?

* How clo we coml:)ute @Res




Ciarlet: cleﬁning a finite
element
A finite element is a triple (K,PN):

* K a domain with p-w. smooth boundarg

o Patd. function space (Po ynomials)

o N a collection of “nodes’

& linear maPPings from P to reals

° span B
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Eixample: Raviart-

Thomas

> K:atriangle
& P (Pk)Q + x P

o N normal component

i eclge micll:)oints




Nodal bases
The nodal basis is a set {%}?;Hll &
* Basis for P
» Satisties n; (o
 Enables interelement continuity

o Formulae? (Hierarchical? Rectangular’?)




Computing nodal basis

, : : P
Start with “prime basis” {@}L:'l

* Computable formulae
* _Stable
* Black box

* For Py, use orthogonal Polgnomials




1 :
Change of basis
Build Vandermonde matrix e — (o

» Columns of inverse are expansion

coetficients of nodal basis

« Not as bad as the “real” Vandermonde

matrix

o Need code abstractions for functionals
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f}%@ﬁnement

BDFM elements
Arnold-Winther elements
'Divergenceﬂcree spaces

Can’t use (clirectlg) the orthonorma

sPaces!




Constrained Lagrange

o K: 3 triangle

o P. Quadratic

-Dolgnomials, linear on

bottom eclge

« N: evaluation at 2 Points




Example: BDFM
|2

o K:a triangle
o P={pe(P.)%:u-ne P (8K)}
« N: normal comPonent

on CClgCS) PlUS some

others inside

52




e : ; ;
Bwlclmg a prime basis
SuPPose we have 24 P {g 1Wlth

o V;: P— R linear Functlonal
». 20 nullld
* {(bZ}UD a prime basis for P




Builclinga Prime basis

» Build matrix: Li,j =1 (QEJ)
* Coml:)ute svD: L = ULZLVIf
& Prime basis: ¢; = Vk,j—|—|]5|—|P|$k

« Bramble-Hilbert (Dupont—-Sco‘ct)




| mplemenation (FIAL)

* Pgthon (CH++ coming online)

* A” Polgnomials ancl Functionals arc

rePresentecl as vectors (Riesz RGP Thm)

* 'Builcling\/anclcrmoncle, constraint
matrices is level 5 BLAS

* SVD, inversion done bg L APACK




lmplementation, cont’d

* SuPPorts siml:)licial elements

* | agrange, BDM, Hermite currentlg in

Slace (one class for each does all the

shapes -~ see Knepley’s incidence

relations)

« Available LGPL (www.?enics.or@







Time to Instantiate Elements

3 4 5 6
Polynomial degree

——Lag Tri Old
—=—Lag Tri New
- Lag Tet New
——BDM Tri Old
—— BDM Tri New
—— BDM Tet New




Time to Tabulate Elements

3 4 5 6
Polynomial Degree

——Lag Tri Old
—=—Lag Tri New
- Lag Tet New
— BDM Tri Old
——BDM Tri New
——BDM Tet New




OPti mizing form evaluation
o When does it matter?
° Steaclg versus unsteacly
& Linear versus nonlinear
* How goo& is the solver?
» Matrix or matrix-free?

& Matters most when there is Frequent

reconstruction
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| ocal form for Poisson
Kf] = /V% -V, dx

= / gt (Wi) L (wj) T
| K
+ How fast can we compute, given basis
functions?

* How Fast can we clo action?

* APPFOBCI‘I ShOUlCJ g@ﬂ@f’&lil@ @ other

forms!!

R . S il = T — e -




Algoritlﬁms for LSM

Method Cost per entry in K
Quadrature O (kd)
Precomputation i
Optimal g




Precomputi ng, Poisson

K’Le,j = Kivkamam, G'Ien,m’
c‘wz a@b] U

Ki m.m’ — d Ge ==
Ser o] e Y 7]

(KU)S — Ki,j,m,m’ (an’m,ug)

o Similar for other forms

o “Reference element” & “geometrg”

. Compute K offline at “comPile time”







Goal

* Minimize time spent cloing all the tensor
contractions (whether for matrix-full or

matrix-free)
‘& Phrase as level 3 BLAS (dense)

) l:ind a |ower~1qol:> comPutation

(sPa rse)
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53mmetr9

L Onlg comPute triangular Part

o Dot Proclucts g0 fromd~2 to
choose(d+,2) (G sgmmetric)

® Preserves other dependencies

o Infer from AST?
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OPtimization Problem

& Given a collection of V of n vectors of

length d
* Find afast algorithm for computing dot

products of all elements of v with any

arbitrarg vector of |ength d
« Similar for all multilinear forms & actions

o Thisis comPile~time oPtimization
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A toPological approacl’)

S lmPose distance relations on V

* d(u,v) small ==> u.g is easy to compute

from V.g

« Need relations of general aritg (linear

combinations)




= l ,
Some binary re ations

* ec]ualitg (e(uv) =0 ord)
* colinearity (c(u,v) =0,1ord)
° _Hammingclistance

)

o These are all “complexitg reclucing’

+ The min over CR-relations is CR




Using binarg relations

o Assume a CR relation r (WLOG)
* Build agraplﬁ Ve
* wcight of (uv) is r(u,v)
* Sparse or dense graph
* Want a traversal of the grapl’w that is

minimal cost




Minimum spanﬂing tree

& Starts from root node
° E’\/erg node has a Parent

« Sumof eclge weights is minimal over all

'spanning trees
OPtimal comPutation under relation r

* How good e




Code generation

+ Annotate eclges In gral:)h with tgloe of

clepenclencies

o Breadth-first search of MST ==> code

generation
> Computes straight-linc code
* array read /write, multiplg & add
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Results of Poisson MST

* Downtol-2 ﬂops per entrg

& Dominant cost s writing the answer!

triangles tetrahedra
degree | n m nm | MAPs degree | = m nm | MAPs
1 SRR 9 1 02526 60 2l
2 V8 LR 17 2 BH4t- 64 .-330 101
3 50 e g 015 46 3 210 6 1260 370
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Timing results

Seconds per million triangles
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Build versus solve

* GMRES/AMG rec]uires three iterations
* AMG builcl/applg dominates run-time

° _OPtimized code still gjves overall 5-10%
speeéup

* Geometric MG? Matrix-free?




Results for Advection

o Constant coetficient

* Similar reduction in oPeration count

triangles tetrahedra
degree | n m nm | MAPs degree | n m nm | MAPs
1 9 2 5o rdles 4 1 6 S 48 9
2 S A BT 20 2 100 3 300 35
3 100 2 200 59 3 400 3 1200 189




Variable coetficient

» Consider wcightecl Laplacian
B T / w(x)Vu(x) - Vu(z)dr
* Coeﬂ]’cien’? Projectecl IEGLE space
* Much more complicatecl oPcrator!
~ Rank 5 tensor

* “Geometrg” is rank E (includes w)

—




Tensors

09;, (X) 094, (X)
A e 2 X
(18 L 1( ) aXa2 aXas d

X, 0X4
Ga:waldetF’a 2 9o

& I (a2,a3)
€ WGl G Rl




Three aPProaches

* Form “full” G, oPtimize contractions with

ran|< three tensors

& Partia lg reduce geometry (oPtimize this),

'clenselg contract with coefficient

* Partia”g reduce coetficient (oPtimize

this) : clenselg contract with geometry




Results on tetrahedra

° Contracting coetficient first wins
* Base costs are 240, 5500, 25200

* MUC]W more HO DS PCF memorg OPCTBtiOﬂ

G. (GE), first wy, first
degree | MST additional total | MST additional total | MST additional total
1 108 6*4 132 A 10*4 67 9 10*6 69
9 1650 6*10 1710 | 693 8510 1234 | 465 55%6 795
3 14334 6%20 14454 | 7021 210*20 220 ENT 28 210*6 8988




Relations of general aritg

* c.g Linear combinations t(u,v,w) =2 or d
* (a0 mocii@ MST algorithm

& |sn’tatree (thertree)

* Finclingtrue o[:)timum NP-hard?




Ongoing work

° Algorithms:
* How quicklg canwe iclc—:nthcg

l’lgperplanar relations?
o What’s the extension of the MST
* Experiments

* Matrix action (Preconclitioning?)
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Conclusion

+ Automation: Generality, E‘Fﬁciencg,
Reliabilitg, etaeticele

* 'Rec]uires new mathematical applications,

interpretations of existin g mathematics.




